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Abstract-May of the oscillation results for linear impulsive equations were justified by the 
following scheme. First, the equivalence of the oscillation of the impulsive equation and some specially 
constructed nonimpulsive equation was established; further, on the base of well-known results for the 
nonimpulsive case, the oscillation of the impulsive equation was analyzed. In the present paper, we 
prove the “oscillation equivalence” result for a linear impulsive equation with a distributed delay and 
discuss the possibility to expand thii approach to the other properties of impulsive equations, for 
example, stability and asymptotic behavior. In addition, a linear impulsive equation of the second 
order is considered. @  2063 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Oscillation properties of impulsive delay differential equations have recently become the field of 
an intensive research. Many of these results were justified by the following scheme. First, the 
equivalence of the oscillation of the impulsive equation (inequality) and some specially constructed 
nonimpulsive equation (inequality) is established. Second, on the base of well-known results for 
the nonimpulsive case, the oscillation of the impulsive equation is analyzed. To the best of 
our knowledge, for delay impulsive equations, this method was first applied in [l] and then was 
employed for various classes of delay impulsive equations [2-41. 
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The purpose of the present paper is to prove the “oscillation equivalence” result for a linear 
impulsive equation with a distributed delay and to discuss the possibility to expand this approach 
to the other properties of impulsive equations, for example, stability and asymptotic behavior. 
In addition, a linear equation of the second order will be considered. 
We will say that an equation is nonoscillatory if it has either an eventually positive or an 
eventually negative solution; otherwise, an equation is oscillatory. 
2. OSCILLATION OF EQUATIONS 
WITH A DISTRIBUTED DELAY 
Consider the linear delay impulsive equation 
J 
t s(t) + --oo Y(S) d&, s) = 0, t > to, (1) 
with the initial function 
y(t) = 4th t < to, (2) 
with the impulsive conditions 
Y(Tj + 0) = BjY(q), j = 1,2,..., (3) 
under some of the following assumptions. 
(al) R(t, .) is a left-continuous function of bounded variation and for each s its variation on 
the segment [to, s] 
P(t, s) = vqto,sl R(t, .> (4 
is a locally integrable function in t. 
(a2) R(t, s) = R(t, t), t L s. 
(a3) p : (-co, to) -+ R is a Bore1 measurable bounded function. 
(ad) For each tl, there exists si = s(tl) 5 tl such that R(t,s) = 0 for s < si, t > tl, and 
limt+oo s(t) = 00. 
(bl) to < ri < Q < . . . < rk < . . . satisfy limj,m Tj = 00. 
(b2) Bj > 0, j = 1,2,. . . 
DEFINITION. An absolutely continuous in every interval [~j, ~j+l) function is said to be a solution 
of equation (l),(3) if it satisfies the equation (1) almost everywhere and satisfies the imfiulsive 
conditions (3). 
We assume that the solution is a left-continuous function. 
Equation (1) includes equations with nonconstant delays, integrodifferential equations, and 
equations of a mixed type as special cases. For a detailed consideration, see [5]. 
Together with the impulsive equations (l)-(3), consider the nonimpulsive equation 
s 
t k(t) + z(s) &?(t, s) = 0, t > to, -cc (5) 
(6) 
where 
T(t,s) = n B;‘R(t,s). 
s<r,<t 
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THEOREM 1. Suppose (al)-(a4) and (bl)-(b2) hold. Then equation (l)-(3) is oscillatory (non- 
osciJlatory) if and only if (5),(2) is oscillatory (nonoscillatory). 
PROOF. Let y be a solution of (l)-(3). Then z(t) = ntosTjct By’y(t) is continuous and y(t) = 
ntosTjct B,z(t). After substituting y and rj = nt,s7j<t B++ into (l), we have 
n Bji(t) + 1’ z(s) T]I Bj d,R(t, s) = 0, (7) 
tO<Tj<t to tO<Tj<S 
which after multiplying by ntolsjct B;’ turns into 
i@)+&-(s)s~<t 
t 
B,-’ d,R(t, s) = k(t) + 
J 
~mw.m~~4=o. (8) 
Conversely, if x(t) is a solution Af the nonimpulsive equation (5) ,(2), where T is defined by (6), 
then Y(t) = l-Ito<Tj<t B,z(t) is a solution of (l)-(3). S ince Bj > 0, then x and y are oscillatory 
(nonoscillatory) at the same time, which completes the proof. 
Consider now the inequalities corresponding to (l),(5), 
9(t) + J 
t 
Y(S) &R@ , s) I 0 t > to, (9) --m  t k(t) + J x(s) &T(t, s) I 0, t > to, (10) --m  
?G) + J 
t 
Y(S) 4w, s) 2 0, t > to, (11) -a3 
J 
t k(t) + x(s) d,T(t, s) > 0, t > to. (12) 
Similarly to Theorem 1, the folloiiyg result is proved. 
THEOREM 2. Suppose (al)-(a4) and (bl)-(b2) hold. Then inequality (g),(3) ((11),(3)) is oscil- 
latory (nonoscillatory) if and only if (10) ((12)) is oscillatory (nonoscillatory). 
COROLLARY 1. Suppose the following condition is satisfied: 
(cl) ok are JocaJJy essentiaJJy bounded functions, hk(t) are Lebesgue measurable functions, 
hk(t) 5 t, k = 1,2,. . ., l imt+,infk hk(t) = 00. 
Then the equation 
ti(t) + 2 ak(t)dhk(t)) = 0, (13) 
k=l 
with the impulsive conditions (3) is oscillatory (nonoscillatory) if and only if 
k(t) + 2 ah(t) n B;‘x(hk(t)) = 0 (14 
k=l hk(t)lTj<t 
is oscillatory (nonoscillatory). The same claim is valid for the corresponding inequalities. 
REMARK. Theorem 1 in [2] is a special case of the above corollary when m  = 2, hi(t) = t, 
IQ(t) = t - 7. 
COROLLARY 2. The equation 
G(t) + 2 ak(t)y(hk(t)) + St K@,  s>Y(s> d9 = O, 
k=l to 
with the impulsive conditions (3) is oscillatory (nonoscillatory) if and only if 
k(t) + 2 a,+(t) n 
k=l h*(t)<rj<t 
B.+(hk(t)) + 1; K(t, S) n B3T1 ds = 0 
S<Tj<t 
is oscillatory (nonoscillatory). The same result is valid for the corresponding inequalities. 
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3. OTHER PROPERTIES OF IMPULSIVE 
AND NONIMPULSIVE EQUATIONS 
It is to be emphasized that the above scheme is not specific for the oscillation property. Consider 
an arbitrary (Q)-property of solutions of a linear impulsive and nonimpulsive equations. 
THEOREM 3. Let (al)-(a4) and (bl) hold and Bj, rj be such that for any continuous x(t) two 
functions z(t) and y(t) = I&<,,, Bjx(t) enjoy the (Q)-property simultaneously. Then all 
the solutions of (l)-(3) h ave the (&)-property if and only if all the sol&ions of (5) have the 
fQ)-property. 
COROLLARY 3. Suppose there exist positive m, M such that m I n,,,,., lBj/ 6 M for any t. 
Then all the solutions of (l)-(3) are bounded (tend to zero) if and only if all the solutions of (5) 
are bounded (tend to zero). 
Many similar results can be obtained as a corollary of Theorem 3. The popularity of this 
approach in the study of oscillation of impulsive equations can be explained by the simplicity of 
the solution correspondence condition: Bj > 0, j = 1,2, . . . . 
4. IMPULSIVE EQUATIONS OF THE SECOND ORDER 
Now let us proceed to delay equations of the second order with concentrated delays 
G(t) + -&k(t)ti(hk(t)) + &~kWY(mW = 0, 
k=l k=l 
t 2 to, (15) 
x(t) = p(t), t < to, 2(t) = E(t), t < to, (16) 
with the impulsive conditions 
$(T~ + 0) = Aj?j(q), y(q + 0) = Bj(q), (17) 
under the following conditions: 
(dl) pk, ak are Lebesgue measurable and locally essentially bounded functions on [to, 00); 
(d2) hk, gk : [to, m) --+ R are Lebesgue measurable functions, gk(t) 5 t, t 2 to, lim+, gk(t) = co; 
(d3) ‘p : (--00, to) -+ R, [ : (-co, to) -+ R are Bore1 measurable bounded functions. 
DEFINITION. A function x : R -+ R with absolutely continuous on each interval [7-j) ~j+l) derive 
tive k is called a solution of problem (X),(1 7) f t i i satisfies equation (15) for almost every 
t E [to, co), and equalities (17) hold. 
LEMMA 1. Suppose Aj # 0, Bj # 0, and x is a solution of a nonimpulsive equation 
2(t) + 2 bk(t)k(hk(t)) + k It x(s) dsRk(t,s) = 0, 
k=l k=l to 
where 
bk(t) =Pk(t) n A;‘, 
hc(t)<T3<t 
(18) 
(19) 
Rk(t, s) = ak(t) n Bj n A+(to) 
to<Tj<gk(t) tOlTj<t 
+ I-I A;’ c maxti’~g*(t)} 2 (x(r,+~,oo)(s) - X(r,,m)(s)) , 
1 
(20) 
sr:(t)S7j.<t tol~T<g,(t) j=r 
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and x(~,J,) is a characteristic function of the open segment (a, b). Then 
is a solution of impulsive equation (15),(17). 
PROOF., It is easy to see that function (21) satisfies the impulsive conditions (17). 
We have 
G(t) = n 4 W, ij(t) = n Aj2(t). 
to<Tj<t to<Tj<t 
After substituting (21),(22) into (15), we have 
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(21) 
(22) 
+&+) n Bi 
k=l tO<Tj<gk(t) 
The multiplication by nto5rj <t Ai’ gives 
‘ct) + ePk(t) n AT1 +k(t)) + &k(t) 
k=l hk(t)<Tj<t k=l to173 <Sk(t) tolTj<t 
We have 
AT’ n Bjk(s)ds = n A;l J”““’ n %  k(s)&. 
SlTj <Sk (t) gE(t)sTj<t to slrjSgk(t) ' 
Let us evaluate this integral 
p*(t) r<;k(t) 2 k(,) d.s = to5zgk(t) mrx{i’ffgk(t)} 2 MG+d - 4Tr)). 
- J- j=r 
Thus, y defined by (21) is a solution of (15),(17). 
THEOREM 4. Suppose cdl)-(d3) are satisfied, 0 < Aj 5 Bj, the nonimpulsive equation (18),(16) 
has a nonoscillatory solution. Then impulsive equation (15)-(17) also has a nonoscillatory solu- 
tion. 
PROOF. Let z(t) be a positive solution of equation (18) (th e negative case is treated similarly). 
Then in (21) (to = ~0, 7nk is the greatest impulse point preceding t) 
n B;‘dt) 
to<sj<t 
Ao 
= s(to) + --(2(n) - x(70)) + 
Bo 
g&(n) -x(71)) +. . . + l-J 3 (x(t) - 2(Tn,)) 
to<Tj<tB' 
if z(t) is positive for t > to. So y(t) > 0 for t > to. 
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REMARK. If Aj = Bj, then relation (21) is simply 
i.e., (18) has the following form: 
qq + 2 bk(t)+k(q) + 6 rk(+(gk(t)) = 0, 
k=l k=l 
where bk are defined by (N), Tk(t) = ak(t) flgk(t)<r,<t Bj” = ‘Jk(t) IIgk(t)<sj<t Ai’. 
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